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▶ A tree T of height κ+ is called special if there is a function
F : T → κ such that

s <T t ⇒ F (t) ̸= F (s)

▶ For µ ≤ κ, Sµ(T ) denotes the standard poset to generically
specialise T with approximations of size less than µ.

▶ Lemma (BMR) If T is an Aronszajn tree, then Sω(T ) has the
countable chain condition.
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ACT I

Those were the days











ACT II

A helpless PhD student









A Revelation



Suppose
1. θ is an uncountable regular cardinal.
2. M ≺ Hθ is countable.
3. Let Z ∈ M a set. Suppose that z 7→ fz is a function on Pω1(Z) in

M , where for each z ∈ Pω1(Z), fz is a {0, 1}-valued function with
z ⊆ dom(fz).

4. f : Z ∩ M → 2 is a function that is not guessed in M .
Assume that B ∈ M is a cofinal subset of Pω1(Z). Then there is
B∗ ∈ M cofinal in B such that for every z ∈ B∗, fz ⊈ f .



Suppose I is an ideal on a set Z. Let M ≺ Hθ with Z, I ∈ M . Let
f : M ∩ W → 2 be a function which is not guessed in M , where
W ∈ M . Suppose that ϕ ∈ M is a function such that:

1. A = dom(ϕ) ∈ I+,
2. For every z ∈ A, ϕ(z) is a function, and
3. For every w ∈ W , {z ∈ A : w ∈ dom(ϕ(z))} ∈ I+.

Then there is A∗ ∈ M ∩ I+ with A∗ ⊆ A such that for every z ∈ A∗,
ϕ(z) ⊈ f .



ACT III

Le confinement parisien













ACT IV

A jobless graduated student









Theorem(M.)
Assume PFA. Suppose that T is a branchless tree of height ω2. Then
there is a proper and ω2-preserving forcing with the ω1-approximation
property PT forcing T is special.



Now, let p ∈ PT if and only if p = (Mp, fp) satisfies:
1. Mp is a finite ∈-chain of models in C ∪ U , which is closed under

intersections,
2. fp ∈ Sω(T ),

3. for every countable M ∈ Mp, if t ∈ M ∩ dom(fp), then
fp(t) ∈ M ,

4. for every countable M ∈ Mp and every t ∈ dom(fp) with
fp(t) ∈ M , if t is “guessed” in M (i.e., t belongs to some branch
b ∈ M), then t ∈ M .

We say p is stronger than q if and only if:
1. Mp ⊇ Mq.
2. fp ⊇ fq.
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Theorem(M.)
Let κ = κ<κ. Assume that there are sufficiently many “nice” κ+-sized
κ+-guessing models, and that there is an ideal on κ++ whose positive
sets have a <κ-closed dense subset.

Suppose that T is a branchless
tree of height κ++. Then there is a <κ-closed, κ+-proper, and
κ++-preserving forcing with the κ+-approximation properties that
specialises T .

Lemma
Assume κ is a regular cardinal and that λ > κ is supercompact. Then
in a <κ-closed generic extension, λ = κ++ and the premises of the
above theorem hold

Proof. Force with Neeman’s or Velickovic’s side conditions with
decorations.
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Happy Birthday!


