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Abstract
It is shown the Ptikry forcing for measurable k is proper below V.

Let U be a measure on k. The Piikry forcing P4 consists of conditions p := (Ap, sp), Where

1. Apel,

2. sp € [K]<Y, and

3. max(sp) < min(A).
A condition p is stronger than g, i.e. p < q,if A, C Ag, spYmax(sq) = sq, and sp, \ sq C A,.
Proposition 0.1. For every regular A > 2"‘+, every X € Vi, every condition p, and every M < H),
with p, X,U € M of size < k, there is q < p such that q is (M, P, X)-generic, i.e.,

qlkp, "M[GINX =MNX".

Proof. Let p = (Ap, sp). We first define a condition p’ by letting

Ay = (MnU),

and s, = sp. By k-completeness of U, Ay € U. Clearly p’ < p. Let Q be the set of pairs (7, x) such
that

e 7 is a [Py-name in M,
e x € X, and
* some condition below p forces T = X.

Clearly || < k. Now by the Pfikry condition' and the k-completeness of U, there is B C A
such that g := (B, sp) decides T = X, for every (7, x) € 2. We claim that q is as required.

Suppose that ¢ is forced by some condition g’ < g to be in M [G ]N X. We may extend g’ to some
condition ¢g”, find a P;y-name 7 € M, and an element x € X such that q” forces 7 = ¢ = X. Therefore,
(7, x) € Q, since g < p. On the other hand, g must decide 7 = X in the same way, that is g IF “7 = X".
Notice that g is a direct extension of p. So by elementarity, there are A’ € YN M and x’ € X N M such
that (A', sp) forces 7 = X'. But ¢ < (A, sp), and hence x’ = x. Therefore, " IF ¢ € MN X. Since &
was arbitrary, we have

qlFp, “M[G]INX =MNX".

Remark 0.2. P, preserves stationary sets in V.

Remark 0.3. Letting X = w1 and M be countable, we have that Py is semi-proper.

!For every statement ¢ in the forcing language of P, and for every p € Py, there is g < p with Sq = Sp that decides ¢.
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